Fluorescence line shapes and cooperative spontaneous emission in disordered one-dimensional molecular aggregates are calculated using closed expressions derived by applying the method of optimal fluctuation. A simple scaling relation L s ∼ ω s -1/2 is established between the low temperature disorder-induced Stokes shift ω s and the superradiance enhancement factor L s . Scaling of the Stokes shift with aggregate size, and the time-dependent Stokes shift are discussed as well. Excellent agreement is obtained with numerical simulations.
I. Introduction
The dynamics of electronic excitations in molecular crystals, nanostructures (e.g., monolayers and superlattices), J-aggregates of cyanine dyes, and biological harvesting antennae complexes [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] can be interpreted in terms of disorder-induced exciton scattering and localization, as well as exciton self-trapping (dynamic localization), which originates from strong vibronic coupling. 14, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] Various spectroscopic measurements, such as absorption, 4, 5 fluorescence, 11, 12 pump-probe, 12 and photon echo, 6, 7 have been employed for probing exciton motions in molecular aggregates.
In this article we calculate the fluorescence line shape and cooperative spontaneous emission (superradiance) in molecular aggregates using the Frenkel exciton model with strong diagonal disorder. Current theories treat strong static disorder using numerical simulations. 10, 19, 21, 22, 29, 30 A similar problem which appears in calculating the density of states in the band tails in disordered semiconductors 31 has been successfully treated by an elegant method of optimal fluctuation propose independently by Halperin and Lifshitz. 32, 33 We apply this method for calculating fluorescence spectra and obtain a universal scaling relation between the fluorescence Stokes shift and the superradiance factor.
In Section II we derive an analytical asymptotically exact expression for the distribution n L (ω) of the lowest exciton energy ω in a disordered aggregate where ω lies below the band edge of an ordered reference system. Since at low temperatures the fluorescence originates from the lowest exciton state, we can relate the Stokes shift ω s , defined as the shift between the maxima of the fluorescence and absorption line shapes, to the disorder strength σ and the aggregate size L (we assume that the aggregate has a finite size which is large enough to neglect boundary effects). In Section III we apply the optimal fluctuation theory and establish a relation between the Stokes shift ω s and superradiance factor L s , which only depends on aggregate geometry (i.e., dimensionality and the magnitude of the intermolecular coupling), and is independent of the magnitude of the disorder. An analytical expression is derived which relates L s to ω s in 1D aggregates. The scaling of the Stokes shift with aggregate size is analyzed in Section IV. We find that for large aggregates the Stokes shift is determined by energy transfer between localized exciton states and may not be obtained from a static model of eigenstates. Our results are summarized in Section V where the time-dependent Stokes shift in disordered aggregates is discussed as well.
II. Optimal Fluctuation Theory for the Stokes Shift and Superradiance
We consider an ensemble of one-dimensional molecular aggregates each made out of L coupled two-level molecules with periodic geometry. The Frenkel exciton wave functions φ m R and energies ω R are determined by the Schrodinger equation where n and m label individual molecules and the intermolecular coupling J mn describes exciton hopping. The electronic transition frequency of the mth molecules is given by Ω + m where m represents static diagonal disorder. We assume uncorrelated Gaussian disorder, where the distribution of m is
In the absence of disorder, m ) 0 and eq 2.1 gives an excitonic band whose width is determined by J mn . Disorder changes the exciton energies and leads to the formation of states below the band edge. Assuming that thermal equilibration of excitons is much faster than their radiative lifetime, the main contribution to the fluorescence at low temperatures comes from the lowest exciton. The position of the lowest exciton thus determines the electronic Stokes shift of the fluorescence, whereas the superradiant factor is related to the shape of the corresponding exciton wave function. Both the lowest energy level and its wave function have a statistical nature and the fluorescence spectrum is obtained by averaging over all possible realizations of disorder
Here n L (ω) is the lowest state energy distribution, and the superradiant enhancement factor L s (ω) is the radiative decay rate relative to a single molecule. In general eq 2.3 should contain the average of product rather than the products of averages of both quantities. The factorization employed here is justified, as will be verified by our numerical simulations. To find n L (ω) we introduce the probability F(ω) that there is a level below ω. Since low-energy excitons are localized and do not communicate, this probability thus satisfies Poisson statistics where L is the number of molecules in the aggregate, and n( ) is the normalized exciton density of states (i.e., ∫ -∞ ∞ d ω n(ω) ) 1). Since the statements "the lowest exciton level lies below ω" and "there is an exciton level below ω" are equivalent, F(ω) also describes the probability for the lowest level to lie below ω. This implies n L (ω) ) dF (ω)/dω which by making use of eq 2.4 yields the following expression for n L (ω) in terms of the density of states A more careful derivation shows that eqs 2.5 and 2.3 hold provided the high-order level correlation functions (multidimensional density of states) can be factorized for energies below ω, which is asymptotically true when ω is sufficiently low. This can be done using the exact relation where the average in the rhs of eq 2.6 should be understood as and n (j) are the multi-level correlation functions.
A closed expression for the lowest state energy distribution n L (ω) can be obtained by substituting into eq 2.5 the exact expression for n(ω) ) dN(ω)/dω where the cumulative density of states is given by Hereafter we choose the zero energy to correspond to the bottom of the exciton band in an ordered reference system. For 1D systems with nearest-neighbor hopping, i.e., J n,n+1 ) J n+1,n ) -J, in the continuum limit we have 34, 35 Here A i and B i are the Airy functions 36 and σ 0 ) σ(σ/4J) 1/3 . The asymptotic ω f -∞ expression for N(ω) which follows from eq 2.9 and has the form Equation 2.10, together with eqs 2.5 and 2.3, describe the low-temperature relaxed fluorescence signal. Equation 2.10 can be alternatively obtained using the optimal fluctuation method as discussed below.
The superradiance factor L s , defined as the ratio of the radiative decay rate of an aggregate to that of a single chromophore, is given by 29 where M mn ≡ d m ‚d n is the window function expressed in terms of the unit vectors d m in the direction of the single chromophore transition dipole moments and F mn is the thermally relaxed single-exciton density matrix at zero temperature, given by where the summation over j reflects the fact that φ (0) can be centered at any chromophore.
The method of optimal fluctuation [31] [32] [33] is based on the observation that the conditional probability W( ; ω) of a disorder configuration subject to the constraint that the lowest exciton has energy ω, is sharply peaked at ) (0) , known as the optimal fluctuation, provided the exciton energy ω is far below the exciton band edge. For large aggregates the lowest energy state lies far below the band edge for most of the aggregates in the ensemble. This implies that the wave function φ (0) of the emitting state in a large aggregate is given by the solution of eq 2.1 for
, we find the extremum of W( ) for a fixed exciton energy (which is equivalent to finding the extremum of W( ) -g ( ), where ( ) is the lowest exciton energy and g is the Lagrange multiplier). Making use of ∂ /∂ j ) -|φ j | 2 (which is a direct consequence of perturbation theory, 37 we obtain j ) -g|φ j | 2 , which yields upon the substitution into eq 2.1 with h mn ) (Ω -Ω 0 )δ mn + J mn , where Ω 0 is the exciton band edge (we reiterate that the zero energy corresponds to the exciton band edge in an ordered reference system). The wave function φ n (0) is obtained by solving eq 2.13 whereas the Lagrange multiplier g is determined by the normalization condition eq 2.14. We note that the same system of equations 2.13 and 2.14 determines the superradiance factor L s for polaron control of excitonic coherence in the case of diagonal vibronic coupling in the adiabatic limit. 29 Static disorder and vibronic coupling thus lead to the same relation between the superradiance factor and the Stokes shift. However, there is one important difference: in the polaron case in eq 2.13 g represents vibronic coupling and the Stokes shift is obtained by solving the system of equations. In the present case of static disorder g represents a Lagrange multiplier whereas ω is the lowest exciton energy and should be given as an input.
Since, as will be demonstrated below, for large aggregates F mn (ω) changes slowly in the region where n L (ω) has a sharp peak, the Stokes shift is determined by the position of the maximum of the lowest state energy distribution n L (ω). The maximum of the optical absorption corresponds to the bottom of the exciton band in the reference ordered system ω ) 0 (according to our convention). This implies that at low temperatures the Stokes shift is given by the lowest exciton energy ω s ) ω. Eqs 2.13 and 2.14, together with eqs 2.11 and 2.12, establish the relation between the Stokes shift and the super-
radiance factor: solving eq 2.13 for ω ) ω s , yields φ (0) , which determines L s upon substitution into eq 2,12. In the next section we use these results to derive a closed analytical relation between the Stokes shift and the superradiant factor of 1D aggregates.
III. Comparison with Numerical Simulations
We consider 1D aggregates with fixed parallel orientation of the molecular transition dipoles (e.g., J-aggregates). The generalization to circular aggregates such as light-harvesting systems and 2D monolayers is straightforward. We present analytical expressions in the continuum limit and compare with simulations. We start by deriving closed expressions for ω s and L s . If for the relevant energies the exciton localization length is much smaller than the system size and much larger than the lattice constant, eqs 2.13 and 2.14 can be solved in the continuum limit, which yields the Ginzburg-Landau soliton for the wave function 29 with a 0 ) 4J/g and ω ) -J/a 0 2 , where -J is the nearestneighbor intermolecular coupling. The parameter a 0 is defined by the energy of the localized state which gives the Stokes shift. The solution given by eq 3.1 corresponds to the continuum limit of an infinite system. Equations 2.13 and 2.14 can be solved analytically in the continuum limit in a periodic system. The solution in this case is expressed in terms of elliptic functions. 38 When the localization length is comparable with the lattice constant, eqs 2.13 and 2.14 should be solved numerically.
For parallel dipole orientation, M mn ) 1, and the substitution of φ(n) into eqs 2.12 and 2.11 and replacing the sum in eq 2.12 by an integral yields Note that this simple scaling relation between the superradiant factor L s and the Stokes shift ω s is independent of the magnitude of disorder.
Using these expressions we have calculated the lowest exciton distribution n L (ω), the fluorescences spectrum f(ω), and the superradiant factor L s (ω) of the lowest exciton in a cyclic aggregate with the parallel dipole orientation which consists of L ) 18 chromophores, resembling the LH2 harvesting complex of purple bacteria. 12 Figure 1 shows n L (ω) (upper panel), f(ω) (middle panel), and L s (ω) (lower panel) for a nearest-neighbor coupling of J ) 34.7 meV and σ ) 23.5 meV. The dashed and dotted lines in the upper and middle panels display n L (ω) obtained using eq 2.5 and f(ω) (eq 2.3), where n(ω) is taken from eq 2.10 and 2.9, respectively. The dashed line in the lower panel displays L s (ω) computed using eq 3.2. To test the validity of the approximate analytical expressions we have computed the same quantities by direct numerical simulations. Simulations are averaged over 1 million disorder realizations. The direct numerical results given by the solid lines in all panels show an excellent agreement with the red part of the fluorescence spectra up to its maximum. The zero of the energy scale coincides with the energetic position of the lowest exciton in the absence of disorder. The dashed dotted lines in the upper and middle panels display n L (ω) (eq 2.5) and f(ω) (eq 2.3) taking n(ω) directly from the simulations. Figures 2 and 3 Our analytical expression does not apply to the blue part of the fluorescence spectra since this spectral region lies in the vicinity of the band edge of the ordered reference system, where the factorization of the higher-order level correlation functions (eq 2.7) is not justified and the optimal fluctuation theory is inapplicable. We note that already for L ) 18 the analytical theory reproduces the red half of the fluorescence spectra. When L is increased further the spectra are red-shifted, which increases the range of applicability of the theory. It is important to note that a good agreement is obtained only if we use eq 2.5 for n L (ω) with n(ω) obtained from a simulation rather then from eq 2.9 or eq 2.10. This can be rationalized as follows. Eq 2.5 contains the density of states n( ) in the exponent with a large pre-factor of L. n L (ω) is therefore extremely sensitive to small deviations of n( ) from its exact value. In the case of eqs 2.9 and 2.10 these deviations originate from the continuum approximation. For low energies, however, the analytical expressions predict the energy dependence of n L (ω) and f(ω) as obtained from the simulations.
IV. Scaling of the Stokes Shift with Aggregate Size
To investigate the variation of the Stokes shift with aggregate size we note that at low temperatures the fluorescence originates The dashed and dotted lines in the upper and middle panels display n L(ω) using eq 2.5 and f(ω) using eq 2.3, where n(ω) is taken from eqs 2.10 and 2.9, respectively, and the dashed dotted lines display the same quantities using n(ω) taken directly from the simulations. The dashed line in the lower panel displays Ls (ω) according to eq 3.2.
from the lowest exciton. The Stokes shift can therefore be obtained by finding the maximum of the distribution of the lowest energy state n L (ω), given by eq 2.5. Alternatively, the Stokes shift can be estimated using the following argument: the average number of states with energies below ω is LN(ω), where N(ω) (eq 2.9) is the cumulative density of states. The Stokes shift ω s can then be estimated by requiring LN(ω s ) ) 1, i.e., the number of one-exciton states with energies below ω s should be on the order of one. The L-dependent ω s can thus be obtained by solving the equation
Since N(ω) is a monotonically increasing function, eq 4.1 predicts a monotonic decrease of ω s with aggregate size L. This is unphysical since in a sufficiently large aggregate an exciton does not have enough time to reach this state during its lifetime τ. The Stokes shift is then controlled by the dynamics of energy transfer between low-energy localized exciton states. This leads naturally to a new coherence size L 0 defined as the size of the segment on which an exciton has enough time to reach the lowest-energy state. In Appendix A we derive an expression for L 0 where τ 0 is the radiative lifetime of a single chromophore. For L < L 0 the Stokes shift is determined by eq 4.1. For L > L 0 it becomes independent of size and is obtained by the solution of
. For typical J-aggregate with J ∼ 300 cm -1 , τ 0 ∼ 10 ns, we have L 0 ∼ 100.
Note that our theory is based on the factorization of the multidimensional densities of states for energies lower than ω s . This is justified provided the distance between optimal fluctuations L 0 (ω) is much larger than the exciton localization length l A . Our previous numerical simulations have shown l A ∼ L s /3. 29 The maximum superradiant factor observed experimentally reaches L s ∼ 50, 11 which gives l A ∼ 15. Our theory thus applies to disordered J-aggregates. Another important consequence of these estimates is that numerical simulations of equilibrated low-temperature fluorescence spectra in disordered aggregates with size L > 100 will in general be unrealistic since the lowest-energy exciton states in such aggregates are not accessible. The same applies to pump-probe spectra with a long time delay between pump and probe.
The present analysis did not take energy-transfer between aggregates into account. This can be accounted for by replacing L in eq 4.1 by L 1 defined as the number of chromophores in the volume of size L 0 . This may increase substantially the Stokes shift for closely packed aggregates.
V. Discussion
Equations 2.11-2.14 and 4.1 constitute a closed system of equations which express both the superradiant factor and the Stokes shift in terms of the density of states n(ω). The asymptotic form of the density of states n(ω) which enters eq 2.5 can be obtained by applying the method of optimal fluctuation. In contrast to F mn which is expressed in terms of the solution of eqs 2.13 and 2.14 alone, n(ω) also involves calculation of the determinant of the linear operator which originates from the integration over d , in the vicinity of ) (0) , when the integrand is approximated by a Gaussian. In 1D systems the determinant can be evaluated analytically; otherwise it should be computed numerically. The red wing of the fluorescence spectrum all the way to its maximum is well described by eqs 2.3 and 2.5 even for L ) 18 .
To obtain a universal estimate for the coherence size (eq 4.2) we have used a simple model by setting Γ(ω) ) V(ω) (see Appendix A for the definitions of Γ and V). The transfer rate Γ(ω) in a realistic situation depends on the vibronic coupling. When the coupling V(ω) is sufficiently small (which is always true for sufficiently low energy ω) the transfer rate Γ(ω) can be calculated using Forster's theory, which yields Γ(ω) ) [V(ω) 2 ]/∆] where ∆ is determined by the spectral density of the exciton-bath coupling. The latter can be readily calculated for a given model of the chromophore-bath coupling, since the shape of the exciton wave function is known. This together with eq A3 could give a closed expression for Γ(ω) for a general model of the chromophore-bath coupling. Such analysis goes, however, beyond the scope of this article. We emphasize that the fact that an excitation does not have enough time to reach the lowest state of a large aggregate strongly affects the Stokes shift, and leads to its saturation for aggregates larger than the coherence size L 0 . The relation between L s and ω s , however, is not affected provided there is enough time for an excitation to reach an exciton whose energy is sufficiently low, so that optimal fluctuation theory is applicable.
We have addressed the low-temperature fluorescence in disordered molecular aggregates when the effects of disorder are most pronounced. When the temperature T is increased but the main contribution to the signal comes from several lowest states, one can still use the optimal fluctuations theory to find the profile of n . Finding the exciton states for this optimal realization of disorder and weighing the exciton contributions with the Boltzmann distribution one obtains L s for finite T. This approach breaks down when temperature effects in the formation of L s become stronger than their disorder-induced counterparts. In that case the effects of disorder may be neglected and L s can be found by performing calculations in an ordered reference system.
Finally we note that the optimal fluctuation approach can also be applied to calculate the time-dependent Stokes shift. Since we know the distribution of optimal fluctuations and the coupling V between them, exciton transport can be simulated in a straightforward way by a Monte Carlo sampling of the distribution of the optimal fluctuations. Making some rough approximations such as neglecting the memory allows us to derive simple equations for the time-evolution of the Stokes shift. For example, assuming that the energy transfer occurs with rate Γ(ω) into all accessible energies lower than ω, the time derivative of the Stokes shift can be estimated as [Γ(ω)] -1 (ω), where is the average value of the energy with for the states lying below ω. This yields for the time-dependent Stokes shift where Γ(ω) can be calculated using V(ω) (eq A3) for an arbitrary model of chromophore-bath coupling.
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Appendix A. Exciton Dynamics Control of Fluorescence
In this appendix we consider the coherence size L 0 , and evaluate it for 1D J-aggregates. Since all exciton states in a disordered 1D aggregate are localized, only hopping transport induced by vibronic coupling takes place. If an exciton occupies a localized state with energy ω, at low temperature it can typically hop to a state with lower energy thus leading to a timedependent Stokes shift. To find the long-time Stokes shift we assume that the relaxed fluorescence originates from the state for which the transfer time to a lower energy becomes comparable to the exciton lifetime τ: Γ(ω)τ ) 1 where Γ(ω) is the energy relaxation rate of an exciton with energy ω.
To find Γ(ω) we first determine the coupling V(ω) between the states participating in the energy transfer. For making a simple estimate we set Γ(ω) ) V(ω). To determine V(ω) we note that the number of exciton states with energy smaller than ω is LN(ω), which implies that a typical distance between the states participating in the transfer process is L 0 (ω) ) [N(ω)] -1 . This yields for the coherence size L 0 ) L 0 (ω). Since both states are formed by optimal fluctuations, their wave functions are known (eqs 2.13 and 2.14) and the coupling can be found in a standard way. 39 We should, however, be careful when implementing the nearest-neighbor approximation for intermolecular coupling. For J-aggregates it has a dipole-dipole form with the dipoles oriented along the chain which yields J mn ) J/|m -n| 3 . This implies that nearest-neighbor hopping constitutes a good approximation for determining the exciton wave function in the region of the trap, but it fails to describe the long-distance asymptote of the wave function which determines the coupling V(ω). In particular, in the nearest-neighbor case the asymptotic behavior shows exponential decay of the wave function whereas in the dipole-dipole case it is long range. The coupling V between two states localized in different traps (1) and (2) in the long-range hopping case is given by a simple expression where the wave functions φ (1) (m) can be determined by solving the Schrödinger equation with nearest-neighbor hopping. Eq A1 gives the coupling to first-order in the long-range hopping.
Equation A1 can be also derived formally by evaluating the long-distance asymptote of the wave function and making use of the well-known expression for V in terms of the overlap of wave functions. 39 When the exciton size is smaller than the distance between the traps, which, as outlined above, is given by L 0 , we can substitute J/L 0 3 for J mn in eq A1 to obtain Substituting for φ (1) and φ (2) the solution of eqs 2.13 and 2.14 (eq 3.1) and recalling the definition of the superradiant factor (2.11 and 2.12) we obtain from eq A2 Since L 0 (ω) ) [N(ω)] -1 , eq A3 constitutes a closed expression for the coupling between the states at the energy ω.
As outlined before, the coherence size L 0 is given by L 0 (ω), and eq A3 allows us to find L 0 by setting ω ) ω s . Since in our model Γ(ω s ) ) V(ω s ) and Γ(ω s )τ ) 1 where the radiative lifetime τ is related to that of a single chromophore τ 0 through the superradiant factor L s : τ ) τ 0 L s -1 , eq A3 yields at ω) ω s , L s τ 0 -1 ) JL s L 0 -3 , which gives eq 4.2. The superradiant factor L s is canceled out and eq 4.2 expresses the coherence size L 0 in terms of the intermolecular coupling and the radiative lifetime of a single chromophore. The Stokes shift in large aggregates (L . L 0 ) can be found by combining eq 4.2 with the relation N(ω s ) ) L 0 -1 .
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